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ABSTRACT 

The finite temperature effective potential of the Abelian Higgs Model is studied using 
the self-consistent composite operator method, which can be used to sum up the contribu- 
tions of daisy and superdaisy diagrams. The effect of the momentum dependence of the 
effective masses is estimated by using a Rayleigh-Ritz variational approximation. 

PACS numbers: 98.80.Cq, 05.70.Fh, 12.15.Ji 
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I. Introduction 



It has been recently conjectured that the observed baryon asymmetry might have 
been generated at the electroweak scale if the phase transition is strongly first order M. 
Unfortunately, when the temperature T is close to the critical temperature T c the finite 
temperature effective potential Vr(<j>), which is an important mathematical tool in the 
study of the phase transitions and can be used to determine their order, cannot be evalu- 
ated reliably using the ordinary perturbative approach t 2-4 !; in fact, at these temperatures 
certain multi-loop diagrams become non-negligible even when the coupling constants are 
very small. In particular, by using power counting it has been argued I 4 ' 5 ! that when T ~ T c 
there are important contributions from the infinite classes of daisy and superdaisy diagrams 
(represented in Fig.l), which render the ordinary one-loop approximation of Vt{4>) unre- 
liable for all (p < T. Therefore, the contributions from these diagrams must be added to 
the one-loop result. The corresponding improved approximation of Vt{4>) is expected ^ ,6 ^ 
to be reliable (even when T ~ T c ) for all > gT and up to order g 3 , where g is the biggest 
coupling constant of the theory. 

Due to the recent interest in the electroweak baryogenesis several techniques of evalua- 
tion of the contribution of daisy (and superdaisy) diagrams to the finite temperature effec- 
tive potential for various theories have been presented in the literature^ 5-21 !. In Ref.[19], 
in a study of the A$ 4 scalar theory, Pi and I have used a method of resummation of the 
daisy and superdaisy diagrams which is based on the generalization at finite temperature 
of the Cornwall- Jackiw-Tomboulist 22 ] effective potential for composite operators Vr(<j>, G). 
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For bosonic quantum fields $>(x), Vr(<f>,G) is given by: 



V T ((f> t G) = V cl ((P) + ^TrLnDoG- 1 + ^[D^G - 1] + V T{2) ((j>, G) , (1.1) 

wheret 19 ' 22 ! G is a possible expectation value of T<&(x)<&{y) (here T indicates time or- 
dering), D is the free propagator, D is the tree-level propagator, V c i(4>) is the classical 
potential, and Vt(2) (0) G) is given by all the two-particle irreducible vacuum-to- vacuum 
graphs with two or more loops in the theory with vertices given by the interaction part of 
the shifted (<E> — > $ + </>) lagrangian and propagators set equal to G. 

The ordinary effective potential Vr(4>) is related to Vt{4>, G) by the relation 

(1.2a) 

. (1.26) 



V T (<t>) = V T (<t>, G ) 

sv t (<p,gy 



5G 



G=G 



o 



Using this formalism, it is easy to see^ 19 ' 20 ! that the resummation of the daisy and 
superdaisy contributions corresponds to the following approximation of the finite temper- 
ature effective potential: 

V T (<l>)^Vf ea (<l>,Go) , (1.3a) 



y- s (0, G) = V c i{4>) + ^TrLnDoG- 1 + ^Tr[D~ 1 G - 1] + 



Vr(2) (</>,£) 



0(g 2 ) 



5Vf es ( 



5G 



= 0, 



(1.36) 
(1.3c) 



g=g 



i.e. the expression for Vr(<j>) given by (1.1) and (1.2) but with V T ( 2 )(0, G) approximated 
by the leading two-loop contributions in G. 

The primary purpose of this paper is to address some technical issues which often 
arise in the application of this composite operator method, but are absent in the leading 
order calculation for the A$ theory presented in Ref.[19]. 
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The most important technical complication is the momentum dependence of the ef- 
fective masses (defined in the following section in analogy with Ref.[19]), which appears 
when diagrams of the type in Fig. 2b are included in the approximation of Vt{2){.4>i G). 
In the leading order calculation for the A<E> 4 scalar theory such contributions can be ne- 
glected. However, unless one assumes that the gauge coupling is much smaller than the 
scalar self-coupling, in the study of gauge theories diagrams of the type in Fig. 2b con- 
tribute in the leading order. In the recent literature the importance of the problem of the 
momentum dependence of the effective masses has been often pointed ouv 11 ' 17 ' 20 ], but no 
consistent solution as been yet developed. As a consequence, in most studies the finite 
temperature effective potential has been calculated using the ad hoc substitution of the 
effective masses by their value at zero momentum. I show that the structure of Eq.(1.3), in 
which the effective potential is obtained as the solution of a variational problem, naturally 
leads to a variational approximation which allows to estimate analytically the effect of the 
momentum dependence of the effective masses. For definiteness and simplicity, I illustrate 
this technique by studying the high temperature effective potential of the Abelian Higgs 
Model, which has been the subject of numerous recent investigations^ 13-18 !, especially as a 
toy model of the Standard Electroweak Model. My variational approximation of the daisy 
and superdaisy resummed effective potential of the Abelian Higgs Model agrees to order 
e 3 with the result of the "improvement of the one-loop" performed in Ref.[9]. Moreover, 
I use the terms of order e 4 and higher in my result to estimate how important the full 
higher order correction can be expected to be, and to show that an accurate evaluation of 
the effective potential at the critical temperature also requires appropriate handling of the 
momentum dependence of the effective masses. 
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The paper is organized as follows. In Sec. II, I derive for the Abelian Higgs Model the 
approximation of the finite temperature effective potential for composite operators defined 
in Eq.(1.3b), and the gap equations (1.3c). Due to the momentum dependence of the 
effective masses, the daisy and superdaisy resummed effective potential Vf es cannot be 
evaluated analytically. In Sec. Ill, I make a Rayleigh-Ritz variational approximation and 
evaluate analytically the corresponding effective potential in the high temperature limit. 
Sec. IV is devoted to the discussion of the results and the conclusions. 

II. Daisy and Superdaisy Resummed Effective Potential 

In this section, using Eq.(1.3), I study the exact daisy and superdaisy resummed finite 
temperature effective potential for the Abelian Higgs Model. Here and in the following 
sections the analysis is performed in Landau gauge. Field theory at finite temperature T 
is described using imaginary (Euclidean) time r which is restricted to the interval < r < 
1/T. The Feynman rules are the same as those of ordinary field theory, except that the 
momentum space integral over the time component is replaced by a sum over discrete 
frequencies k± = iirnT: 




(2.1) 



where n is even (odd) for bosons (fermions). 



The Lagrangian which describes the theory is 



L = - + \d^ a d^ a + l -m 2 <$> 2 - 

- ee ab d^ a <f> b A» + \e 2 &A 2 - ±-{d^) 2 - rj+d^rj , 



(2.2) 
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where 

$ 2 = $ a $ a , $ 4 = ($ 2 ) 2 , a = 1,2, 6=1,2, 

(2.3) 

F„ v = dpA„ - dvAp , //= 1,2,3,4, i/= 1,2,3,4. 
A M , $ a , and 77 are the gauge, Higgs, and ghost fields respectively. Note that the ghost 77 

completely decouples from the rest of the theory. Because of the singularity of the inverse 

of the gauge boson propagator in Landau gauge, it is appropriate to keep track of the 

gauge parameter £, and take the limit £ — > only at the end. 

After shifting the Higgs field $ (i.e. $1 — > $1 + 4>\ and $ 2 — ► $2 + <fo) from (2.2) one 

obtains the following tree-level mass matrices 

(m 2 )^ v = e 2 4> 2 g llv 

A A ^ 

{m%)ab = (-m 2 + -(p 2 )S ab + -(p a <Pb 

for the gauge and the Higgs fields respectively, and the following classical potential 

V cl (cf>) = ~m 2 cf> 2 + ^ ( f> 4 . (2.5) 

The propagator in momentum space is given by 

(D-i(cf>; k))^ = (e 2 <p 2 - k 2 )(^ - 9lw ) + (| - e 2 </> 2 )^ 
{D-\cj>-k)) ab ={m%) ab -8 ab k 2 (2-6) 

( J D" 1 (^;/c)) aM = -iek^e ab (j) b . 
where k 2 = k^k^ 1 . 

In the application of the composite operator method, it is first necessary to identify, 
based on the magnitude of the coupling constants, the diagrams which give the leading 
contribution to Vt(2){.4>i As argued in Ref.[17], in order to justify the high temperature 
approximation and to have a well-defined loop expansion, one needs e 4 << A << e 2 ; 



however, the scenario is different depending on whether e 3 << A << e 2 or e 4 << A < e 3 . 
If e 3 << A << e 2 V T (2) is approximated by the sum of the four diagrams in Fig. 3 whereas if 
e 4 << A < e 3 the diagram in Fig. 3a is neglected. I study the richer scenario e 3 << A << e 2 
(the results for the other case can be obtained as the appropriate limit of the results for 
e 3 << A << e 2 ); in these hypotheses, Vf es can be written as 

VF> =V cl {4>) + ±TrLnD G^ + ^Tr[D^G Q - 1] 

+ vt\G ) + V 2 {b) (G ) + V 2 (C) (G ) + V 2 {d) (G ) , 

V 2 (a) (G) = -^^[G aa (p)G bb (q) + 2G ab (p)G ba (q)] , (2-76) 

V 2 (b) (G) = -^g^^G^(q)G aa (p) , (2.7c) 

V 2 (C) (G) = ^^e ab e cd (2p + qr(2p + qrG^(q)G ad (p)G bc (p + q) , (2.7d) 

V 2 {d \G) = ^^e ac e db (2q + pr(2q + prG ab (p + q)G c MG^M ■ (2.7e) 
where (see (1.3)) Go is the solution of 

r-r/res 

Using (2.7), (2.8) can be rewritten as the following system of gap equations: 



G- ab \k) =D~ b \k)-2 



5V 2 



SG ba (k) 

=D~ b \k) + ^[2G ab (p) + S ab G cc (p)} + e 2 5 ab ^g^G^(p) 
+ e 2 4 e ad e bc (2k + pY(2k + p) v G^{p)G cd {p + k) 
+ e 2 ^ e ad e bc (p + ky{2k - pfG^k - p)G cu {p) , 



(2.9a) 



=D-l(k)+e 2 Tg^G aa (p) (2.96) 
7p 

+ e abedc(2p + k)^(2p + k) u G ad (p)G bc (p + k) , 

M } (2.9c) 
=D~fa) + e 2 4 t ah t cd {2p + %(2/c + p) v G dh (p + k)G cu (p) , 

where V2 = + + + ■ The diagrammatic representation of the various 
5Vil§G xy is given in Fig. 4. 

In order to study the system of equations (2.9) I introduce effective masses by taking 
an ansatz for the propagator: 

G~l = (M 2 (k) - k 2 )t, v (k) + (M 2 (k) - k 2 )l, v (k) + eV)^ , (2.10a) 

G~b =(Ml(k)) ab -5 ab k 2 , (2.106) 
G al = - iek ^ab4>b , (2.10c) 

where t^ v and are defined by (N.B. {fj,, is} = 1, 2, 3, 4; {i, j} = 1, 2, 3; k 2 = kik % ) 

k l ki 

t^(k) =5^5 VJ {5 lJ - —3-) 

k (2.11) 

k k 

] (k\ _ n _ + 

The Eqs.(2.10) express the propagator in terms of effective masses M. x (k) and are con- 
sistent in Landau gauge with the Eqs.(2.9). The two transverse modes of the gauge bo- 
son acquire the same effective mass Mt(k) whereas the longitudinal mode has an inde- 
pendent effective mass Aii(k), as required by the way Lorentz invariance is broken at 
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(2.12) 



finite temperature^ 23 ] . Also note that the symmetry of Eq.(2.9) under exchange of (pi 
and 4>2 (a consequence of the analogous property of the propagator D) indicates that 
(M%(k)) 12 = (M%(k)) 21 . 

Using (2.10) and the following properties of t^ v and 

t^(k)t™(k) = -t;(k) , t f r(k) = -2, 

l^{k)l™{k)=-l»{k) , Z/(fc) = -l, 
the equations (2.9) can be rewritten in terms of the effective masses as 

(M%(k)) ab =(-m 2 + ^<p 2 )5 ab + ^ a (f> b 

2e ac e bd (M%(p)) cd + 5 ab [(Ml(p)) cc - 4p 2 } 
QT P [(-M|b))ii-P 2 ][(-M|(p))22-P 2 ]-[(^|(P))1 2 ] 2 

- e 2 5 ab yf ( : -pr-. , + 



M 2 (p)-p 2 M 2 (p)-p 



£cmedn(Ml(p + k)) mn ~ $cd(p + k) 2 



[(M%( P + fc))n - p 2 ][(Ml(p + k)) 22 - p 2 ] - [(M|(p + fc)) 12 ] 2 ' 

(2.13a) 



2^2 (Mj(p)) cc -2p 2 

% [(M%(p))u - P 2 ][(Ml(p)) 22 -p 2 ] - [{M%{p)) 12 ] 2 



M 2 s (k) =eV-e 

(l + p s )e 2 



i e ab e dc (2p + %(2p + k) v W? v {k) 

edn(M%(p))mn ~ $adP 2 

[(M|(p))n ~ P 2 ][(Ml(p)) 22 -p 2 ] - [(Ml(p)) 12 ] 2 
(M%{p + k)) hi -5 bc (p + k) 2 



(2.136) 



[(M%(p + k)) n - P 2 ] [(M%(p + k)) 22 - p 2 ] - \{M%{p + k)) 12 } 2 ' 

where s = t,l, p t = 0, pi = 1, W? v = W, and Wf" = l» v . In (2.13) the Landau gauge 
limit £ — > has been taken; no divergence occurs because of a cancellation between the 
l/£ terms which appear in (as given in (2.10a)) and D~l . 
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The Eqs.(2.13) show that, because of the contributions corresponding to the non- 
local self-energy diagrams in Fig. 4c and 4g (the last terms on the r.h.s. of Eqs.(2.13a) and 
(2.13b)), the effective masses must have a highly non-trivial dependence on the momentum 
k, and this makes the search for solutions very difficult. [Note that in the leading order 
calculation for the A$ 4 theory, no non-local self-energy diagram contributes to the gap 
equation for the effective mass^ 19 '. As a result the gap equation can be solved analytically 
in the high-temperature approximation.] 

However, Vrf es could be evaluated from Eqs.(2.7) and (2.9) (after renormalization) 
using numerical methods. The fact that the exact daisy and superdaisy resummed effective 
potential is given by Eqs.(2.7) and (2.9) is a first important result of the composite operator 
method. 

III. Rayleigh-Ritz Approximation 

In this section I study Vf es analytically using the observation that an approximate 
solution of the variational problem (1.3) can be obtained by evaluating Vf es ((p,G) with 
specific parameter-dependent expressions for the propagator G(k) and then varying these 
parameters. This type of procedure is known! 22 ] as the "Rayleigh-Ritz variational approx- 
imation". I shall take as the parameter-dependent G(k) the expression (2.10) with all the 
momentum dependent "exact" effective masses M x (k) replaced by constant "Rayleigh-Ritz 
effective masses" M x . This consistently leads, as we will see, to momentum independent 
gap equations for the M x . 

The present approximation is quite different from the approximation which has 
been frequently used in the recent literature, where one makes the ad hoc assumption 
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M. x (k) ~ Ai x (0) in the gap equations for the effective masses. The differences are twofold. 
First, in my approximation the self-consistency between the effective potential and the 
gap equations is preserved whereas in the u A4 x (k) ~ A4 X (0) approximation" this self- 
consistency is lost. Second, as I shall argue in Sec. IV based on the analysis of the results 
obtained in the following, some average effect of the dependence of the diagrams in Fig. 4c 
and 4g on the external momentum is reflected in my approximation of Vrf es , even though 
the Rayleigh-Ritz effective masses are constant. In the M x (k) ~ M x (0) approximation 
this momentum dependence is completely neglected, leading to an uncontrolled (and prob- 
ably large, as argued in Refs. [5,15,17]) error in the evaluation of the daisy and superdaisy 
diagrams. [The spirit of performing the approximation at the level of the expectation value 
of the Hamiltonian rather than at the level of the equations that follow from varying the 
exact Hamiltonian is very similar to the difference between the Kohn-Sham approxima- 
tion and the Slater approximation in Hartree-Fock many-body theory: the former is an 
approximation to the Hamiltonian expectation value, which is than varied, the latter is 
an approximation to the variational equations. It is known that the Kohn-Sham method 
is better! 24 ]. This result should encourage the use of the Rayleigh-Ritz approximation; 
however, because of the differences between the problem at hand and Hartree-Fock many- 
body theory, it does not necessarily imply that the M. x (k) ~ A4 X (0) approximation be 
inadequate.] 

The number of independent Rayleigh-Ritz effective masses to be varied can be reduced 
by using the fact that the symmetry of the lagrangian suggests that Vf es depends on 
(p 2 = (f>\ +02 rather than separately on </>i and 4>2- This invariance of Vf es under rotations 
in 0-space allows to perform the calculations starting from a diagonal tree-level mass matrix 

12 



for the Higgs (m%) ab = (— m 2 + ^</) 2 )5 a i5bi + (— m 2 + ^(p 2 )8 a 2S b 2, and in this hypothesis one 
can consistently assume that also the Rayleigh-Ritz mass matrix for the Higgs is diagonal. 
This completes the definition of the variational problem which is studied in this section; 
the corresponding approximation of the daisy and superdaisy resummed finite temperature 
effective potential can be formally written as 

Vf«~Vf«(4,,G({M„})), (3.1a) 

rCTG({M}))1 

L om J {M}={M } 

where {M} = {M 1 , M 2 , M 3 , M 4 } = {M^ M x , M u Mi}, Vf es (4>, G) is defined in Eq.(2.7), 
and G({M}) is given by 



G~l = (M 2 - k 2 )t^{k) + {M 2 - k 2 )l^{k) + e 2 cp 2 )^ , (3.2a) 



Gj = S al 5 bl (M 2 - k 2 ) + S a2 5 b2 (M 2 - k 2 ) , (3.26) 

G ai = -iek^e ab (j) b . (3.2c) 

The effective potential Vf es (4>, G({M})) in Eq.(3.1) includes divergent integrals; there- 
fore a regularization and renormalization procedure is necessary. The self-consistency of 
Eqs.(l.l)-(1.2) implies^ 22 ' that the effective potential Vr(<j>, G) and the gap equations are 
renormalizable. Such a renormalization has been discussed in detail in the analog study of 
the daisy and superdaisy resummed effective potential of the A$ 4 scalar theory presented 
in Ref.[19]. In that case it has been shown that the only effect of renormalization on the 
high temperature part of the effective potential is the substitution of the bare parameters 
with renormalized ones. This is due to the fact that the dominant high temperature con- 
tributions to the effective potential come from the infrared and are not sensitive to the 
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ultraviolet behavior^ 25 !. In the following I shall assume that the same applies in the case of 
the Abelian Higgs Model and therefore, rather than performing renormalization explicitly, 
I will simply omit the (zero-temperature) ultraviolet contributions and substitute in my 
high temperature effective potential the bare parameters with renormalized ones. 

The gap equations (3.1b) can be put in simple form by performing the high tempera- 
ture approximation of Vf es (4>, G({M})). Using the well-known results^ 

1 T rj2 2l lj: r , m , 2 l2 tt 2 T 4 y 2 T 2 y 3 T c n y 4 

1 T 2 1 

Cq = - ln( — ) + - + ln(47T) - 'jEuler , 



(where a is a renormalization scale and as planned the (zero-temperature) ultravio- 
let divergent contributions have been omitted), the high-temperature approximations of 
(TrLnG~ 1 )/2 and (Tr[D~ 1 G — l])/2 in Landau gauge are easily obtained: 



]-TrLnG- 1 ~)-TrLn{{k 2 - Mj)(k 2 - M 2 ){k 2 - M 2 f{k 2 - M?)} 
2 2 



tt 2 T 4 T 2 

"T^ + 24 • - - • (3 . 4a) 

■ ' r3 i 71 #3 i n j/3 i 7i #3 n 



- + ^-(M 2 + M 2 + 2M 2 + M 2 ) 



-(M$ + M* + 2Mt + Mf) 



12tt 

+ ^(M 4 + M 4 + 2M 4 + M 4 ) , 
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-TrlD^G - 1] =^Tr[(D" 1 - G~ 1 )G] 



+ (eV - M})(l(M t ) + i(e¥ - M?)Sl(M,) 



+ 2(^-«?)(^-™i + ^ I «?) 

+ (eV _ M ,^_^ + _|L M?) , 

where m 2 = — m 2 + A</> 2 /2 and m 2 = — m 2 + A</> 2 /6. Note that in (3.4a) I neglected an 
unimportant infinite constant (i.e. independent of the effective masses) which appears as 
a consequence of the l/£ pole in the determinant of the G~l of Eq.(3.2a). In obtaining 
(3.4b) the limit £ — > presented no complication because of the cancellation between the 
l/£ terms which appear in D~l — G~l (see (2.6) and (3.2)). In the following evaluations 
of V^, V 2 , and V 2 the limit £ — > is also taken and no divergences appear. 

V 2 a \G({M})) and V 2 (G({M})) have the same structure as the two-loop contribu- 
tion which is discussed in detail in Ref.[19]; their high-temperature approximations are 
given by: 



vi a \G{{M})) = A 



30 2 (M^,) + 30 2 (M X ) + 2Q(M^)fi(M x ) 



(3.5a) 



_ AT 2 AT 3 (M^ + M X ) XT 2 M^M X AT 2 (M 2 + M 2 ) Cn i 
~432 144tt 192tt 2 tt 2 ^288 128 } 

V 2 {b) (G({M})) = y (^20(M t ) + fi(M,)) (O(il^) +0(M X ) 

e 2 T 2 e 2 T 3 (4Mt + 2M[ + 3M(f) + 3M j ^ e ^T 2 (2M t + Mi)(M 4) + M x ) (3 _ 56) 



48 96tt 32tt^ 

e 2 T 2 c n (4M 2 + 2M 2 + 3M| + 3M 2 ) 

+ 1927 2 
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The corresponding approximation of (G({M})), based on results obtained in 
Refs.[17, 26], is discussed in the appendix; the result is 



V^(G({M})) 



e 2 T 2 e ^T 3 (2M t -M l ) 



+ 



288 48tt 

2rp2(T\/r2 OJ\/f2 OA/r2^ 



+ 



e 2 T 2 (M 2 - 2M 2 - 2M 2 ) M t + + M 



32tt 2 



ln(- 



3T 



-) 



e 2 T 2 (M M x - M t M^ - M t M x ) e 2 T 2 (c e t + c @l ){M 2 + M 2 ) 



(3.6) 



32tt 2 

e 2 T 2 [(3cet + 8c n )M 2 + (3c ei - 4c n )M 2 



64tt 2 



384tt 2 

CQt and cqi are defined in the appendix. 

Finally, the contribution to Vf es from the diagram in Fig. 3d can be easily calculated 
by noticing that Eq.(3.2) implies that in Landau gauge G ail = : 



V^ d) (G({M})) = 



(3.7) 



[Note that (3.7) is consistent with Eqs.(2.6), (2.9c), and (3.2).] 

Using (3.4), (3.5), (3.6), and (3.7) it is now possible to express the gap equations 
(3.1b) in the following form: 



M l(x) + + T )T2 - 



1 , ,M t + Ms + M^ 



a ln( 



7T 



3T 



e 2 TM, 



e 2 T 2M| + 2M 2 - M 2 Cn Mj (x) 
47r + M x + M t 7r T ' 



M 2 ~e 2 (j) 2 + 
e 2 T 



16tt v 



4tt ~" x 3T 



e 2 TM ( 



8tt 



M 2 - 2M 2 - 2M 2 
M d} + M Y + — ? * 



+ 



Mf ^ eV + € -T 2 - e 2 (g - ^)TM, - ^(M, + M x ) + 



7T T ' 



7T T 



(3.8a) 



(3.86) 



(3.8c) 
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where a = [(c n + c et + cei)/(4n)] + X[(4c n + 9)/(727re 2 )]. 

Note that in these calculations one can assume that eT < < T because, as already 
discussed in the introduction, the daisy and superdaisy resummed effective potential is 
expected to give a meaningful approximation of the full effective potential only for > eT, 
and the daisy and superdaisy diagrams should be negligible when 4> > T. This observation 
combined with the Eqs.(3.8) justifies a posteriori the high temperature approximations 
which I performed; in fact, the effective masses in (3.8) are of order eT or e</>, so that 
M4,, x , t ,i/T < 1 when eT < < T. 

The Eqs.(3.8) also indicate that M t < M^ iXi i because only (3.8b) does not contain a 
contribution of order e 2 T 2 ; moreover, (3.8a) indicates that M 2 ~ M 2 (they differ only at 
order X(p 2 ). Therefore one can make the following approximations 



H M^ + M x + M t y _ H M 4> + M X ) | M t 



3T / v 3T / M^ + M x 



2M 2 + 2M 2 - M 2 



(3.9) 



—Ma + M^-M t 



Ma + M x + M t 
which allow to rewrite the gap equations (3.8) as 



a-^-lln( M * + M *) 
4tt 7T V 3T ; 



e 2 TM Hx) 



A e 2 . . cn M ? 



(3.10o) 



TM xW --TM l+ C ^ " M 



24tt xyv> 4tt 1 tt T 



M? ~ e 2 6 2 + 



c @t 1 1 M, + M x , 
16tt 8tt 4tt 1 3T 



e 2 TM i+ ^|, (3.106) 

7T 1 



Mf ^ e 2 <p 2 + 6 \ 2 - e 2 (g - C ^)T Ml - ^(M, + M x ) + °f^. (3.10c) 

Using (2.5), (3.4), (3.5), (3.6), (3.7), (3.9), and (3.10) one finds that the desired 
Rayleigh-Ritz and high-temperature approximation of the daisy and superdaisy resummed 
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finite temperature effective potential for the Abelian Higgs Model is given by (omitting 
unimportant (^-independent contributions): 

V^(^ {M }) * - \m 2 4> 2 + ^ + ^(ml + m 2 x + 3e 2 </> 2 ) 

- r3 i ]i /t3 oij3 , 71 j2> 



e 2 T 2 (2M 2 + 2M 2 ;0 -M 2 ) M^, + M x , 
+ 32tt 2 1 3T ' 

e 2 T 2 ,„ „ s ,e 2 A N T 2 



(3.11) 



327r 2 ».»V 9»,u X,u. ^2^2 

^(S + SIX + ^(Mio + M 2 ) 



where M^q, M X;0 , M tj o, and M/ are the solutions of the gap equations (3.10), and 
a = 1/32 - (cot + c e ;)/64 + (A/e 2 )(c^/288 - 1/128). 

Note that in (3.11) all terms linear in the effective masses have cancelled out' 27 !. In 
the literature there has been an extensive debate on the possibility that the resummation 
of the daisy and superdaisy diagrams might induce contributions to the finite temperature 
effective potential which are linear in the effective masses. Using the general form of 
the Rayleigh-Ritz approximation with momentum independent effective masses one can 
show! 28 ! that a cancellation of the linear terms always occurs. 

The Rayleigh-Ritz variational approximation and the high-temperature expansion 
have led to a great simplification of the very complicated expression of Vf es obtained in the 
equations (2.7) and (2.9). Still, as given by (3.10) and (3.11), Vf es cannot be calculated 
analytically, but now the required numerical evaluations are very simple. A first estimate of 
the effective potential in (3.11) can be obtained analytically by using the following approx- 
imations: M^ ^ M xfi , ln(M| /T 2 ) ~ ln(A/18 + e 2 /4), M^o -> (e 2 T 2 /4 + XT 2 /18) 1 / 2 
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in (3.10c), and M^o — *• (e 2 T 2 /3) 1 / 2 in (3.10a). These approximations are reliable when 
4> « T (see (3.10)). 

IV. Discussion and Conclusions 

As discussed in the introduction, the daisy and superdaisy improved effective potential 
Vf es (4>) should give a reliable approximation of the full effective potential Vt{4>) in the 
high temperature limit, but when T ~ T c one expects Vf es ((p) ~ Vt{4>) only for <fi > eT c . 
This implies that the evaluation of Vf es ((f>) is sufficient in the investigation of strongly 
first order phase transitions (if at the critical temperature the asymmetric minimum <p c is 
greater than eT c , Vf es ((p) should reliably determine the existence and the position of C ), 
but Vj, es (</)) cannot be used to discriminate between a second order and a very weekly first 
order phase transition. Recent models of baryogenesis at the electroweak phase transition 
require that this transition be strongly first order, and therefore the evaluation of Vf es (<p) 
for the Standard Electroweak Model should lead to a reliable test of these models. 

Also note that, because I neglected the contributions to Vt(2) from diagrams of order 
e 4 and higher (see Fig. 5), the result (3.11) gives a reliable approximation of the full effective 
potential up to order e 3 . The terms in (3.11) of order e 4 and higher can be used to estimate 
how important the complete higher order correction should be expected to be, and to verify 
whether or not the differences between the Rayleigh-Ritz approximation performed in the 
preceding section and the A4 x (k) ~ Ai x (0) approximation used in the literature can result 
in relevantly different physical predictions. 

The comparison of the Rayleigh-Ritz approximation with the M x (k) ~ M x (0) ap- 
proximation is indeed the next topic that I want to comment on. Besides the conceptual 
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issues which I already discussed, probably the clearest shortcoming of the M. x {k) ~ M. x (0) 
approximation is that it completely ignores the contribution of the self-energy diagram 
in Fig. 4c; in fact, this diagram vanishes in the zero external momentum limit. In the 
Rayleigh-Ritz approximation the contributions to the gap equations which correspond 
to the diagram in Fig. 4c are the ones coming from Svj /<^<Kx)' Eqs.(3.6) and (3.8a) 
show that these contributions are certainly non-negligible, and, in particular, for small e 
the term of order e 2 TM ( f > ln(M^( x )/T) ~ e 2 ln(e)TM^( x ) is the dominant term linear in 
M^( x ) in (3.8a). Even for the self-energy diagram in Fig.4g, which does not vanish in 
the zero external momentum limit, there are significant quantitative differences between 
the Rayleigh-Ritz approximation and the M x (k) ~ -M x (0) approximation. Clearly the 
Rayleigh-Ritz approximation accounts for some average effect of the dependence on the 
external momentum of the diagrams in Fig. 4c and 4g, which is the origin of the momentum 
dependence of the exact effective masses Ai x (k). 

These differences in the structure of the gap equations between the Rayleigh-Ritz 
approximation and the Ai x (k) ~ Ai x (0) approximation result in important quantitative 
differences at the level of the effective potential. In Fig. 6 it is shown that the two approxi- 
mations lead to relevantly different predictions for the shape of the effective potential at the 
critical temperature; in particular the position of the asymmetric minimum <p c differs by 
20-30%. Some physical phenomena at the phase transitions depend critically on the value 
of 4> c (for example the rate of baryon number violation at the electroweak phase transition 
is exponentially sensitive to 4> c ) and therefore Fig. 6 shows that an accurate analysis of 
these phenomena requires a proper handling of the momentum dependence of the effective 
masses. 
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Concerning the nature of the phase transition of the Abelian Higgs Model it is useful 
to notice (again using eT « << T) that the equations (3.10) and (3.11) imply that: 
(I) besides the expected contributions involving even powers of 0, there is a negative 
contribution of order e 3 T(f) 3 to the effective potential, which comes from the TM 3 term, 
and (II) there is no contribution of order e 3 T 3 (p. These observations indicate^ 5 ' 6 ! that there 
is a critical temperature T c at which Vrf es (<p) has two degenerate minima. From Eq.(3.11) 
it is also easy to realize that 4> c > eT c when e 2 /A >> 1, which indicates that at least in 
these hypotheses the Abelian Higgs Model has a first order phase transition. This is the 
same qualitative conclusion that one reaches using the one-loop improved effective potential 
evaluated in Ref.[9]; indeed it is easy to verify that Eq.(3.11) agrees with the improved one- 
loop result to order e 3 . However, it is important to observe that at the critical temperature 
the complete Vf es , including the contributions of order e 4 and higher, is relevantly different 
from the one-loop improved effective potential (see Fig. 7); in particular the position of the 
asymmetric minimum receives a significant correction. This should suggest some caution 
concerning the accuracy of recent predictions which have been obtained using the improved 
one-loop approximation, like the lower limit on the Higgs mass for successful baryogenesis 
at the one Higgs doublet electroweak phase transition. 

I conclude by emphasizing that the techniques discussed in this analysis of the Abelian 
Higgs Model clearly apply to any gauge theory. Apart from the obvious complication of 
having to deal with a richer particle content, even in the study of more complex gauge 
theories the major elements of difficulty will still be: (I) the momentum dependence of 
the effective masses which is introduced by non-local self-energy diagrams of the type 
generally represented in Fig. 2a, and (II) the evaluation of diagrams of the type generally 
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represented in Fig. 2b. Using the composite operator method, one can do better than the 
daisy and superdaisy resummation by going beyond the present lowest order in the coupling 
approximation of Vt{2) • Also my Rayleigh-Ritz approximation can be improved (so that the 
effect of the momentum dependence of the exact effective masses M x (k) is estimated even 
more accurately) by using more elaborated versions of the parameter dependent expression 
for G; for example, one can make the substitutions M% — > M% + Y x 'k 2 in Eq.(3.2) and vary 
not only the M x 's but also the additional parameters Y x . 
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(c) 

Appendix . High Temperature approximation of V 2 



This Appendix is devoted to the high temperature approximation of V 2 (G({M})) = 
V 2 (M^, M x , M t , Mi), which is used in the calculations of Sec. III. As it can be inferred 
from Sec.II and III, V 2 {c) (M^, M x , M t , M t ) is given by 

V {C) (M,M M T Mi) e2 44 (2p + q n2p + q r ( Wg) 

V 2 (M,, M x , M t , Mi) - 2 ^ [M} _ p2] {M2 _ {p + q)2] y M2 _ q2 + Mf _ q2 ) • 

(Al) 

The high temperature approximation of V 2 (M^,, M x , M t , Mi) has been evaluated in 
Ref.[17] in the limit M t = Mi. The result of [17] is based on the observation that 



V 2 (c) (M^ M x , M 7 , M 7 ) = -y |0(M 7 )[0(M^) + fl(M x )} - 0(M^)0(M 

+ (M 2 - 2M| - 2M 2 )6(M^, M x , M 7 ) 
M? - M 2 

(M 2 - Ml) 2 1 

+ M 2 [e(M ^ M *' " e(M ^ M *' 0)] j ' 

(A2) 

where O(y) has been defined in (3.3), and 

0(x, y, z) ^ ^ pT^pTTpr^ • 04-3) 

Eq.(A.2), combined with the high temperature approximation of 0(x,y,z) which was 
obtained in Refs.[17, 26] and the corresponding approximation of O(y) which is reported 
in (3.3), leads to the high temperature approximation of V 2 (M ( f > , M x , M 7 , M 7 ). For the 
analysis of Sec. Ill it is sufficient to consider the limit (M^ — M x ) 2 << (M^ + M X ) 2 ; in this 
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e 



x) 



hypothesis one finds 

V 2 (C, (M«, M x , M 7 , M 7 ) ~ e 2 | - — + + —(M t M x - M 7 M* - M 7 M X ) 

+ ^- 2 M|- 2 Mj)ln( ^ + ^ + ^ ) 

(-4-4) 

where the ^independent quantity cq is analog to the cq of Eq.(3.3), and is expressed 
in Ref.[26] as a combination of integrals which can be evaluated numerically. [Note that 
in (A. 4), following the strategy outlined in Sec. Ill, I omitted some ultraviolet divergent 
contributions.] 

The calculation of V 2 (c) (Afy, M x ,M t ,M t ) is more difficult than the one of K> (c) (Afy, M x , 
M 7 , M 7 ) because only when M t = Mi the integrand in (A.l) takes the simple form which 
leads to the relation (A. 2). Rather than proceeding to its explicit evaluation, I shall obtain 
the high temperature approximation of (M^, M x , M t , Mi) by using as a guide the result 
(A.4) and by exploiting the fact that V^Afy, M x , M 7 , 0) and V^ c) {M^ M x , 0, M 7 ) have 
very different analytic properties. [N.B. Eq.(A.l) implies that V2 (M^, M x , M t , Mi) = 
V 2 {c) {M^ M x , M t , 0) + V 2 {c) {M^ M x , 0, M^.] 

The first important observation is that terms of the type T 2 M 7 M^( X ) can only be 
present in V 2 : (M^, M x , M 7 , 0). In fact, this type of nonanalytic term^ 29 ! originates from 
the peculiar infrared properties of the diagram in Fig. 3c and it gets a contribution only 
from the = 0, = term of the sums in (A.l). By looking at the structure of one 
sees that V 2 (M^, M x , 0, M 7 ) could not include such contributions. 

Similarly, it is easy to realize that terms of the type of the one in Eq.(A.4) which 
is proportional to ln(M 7 + M<p + M x ) (which is also nonanalytic) can only contribute to 
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V^ c) (M^ M x , M 7 , 0). This is best seen by tracing back the calculation of Refs.[17, 26] and 
noticing that also this term comes from the part of the gauge boson propagator which is 
proportional to t^ u . 

Finally, one can notice that the terms e 2 T 3 M 7 /487r and -e 2 cnT 2 M 2 /96n 2 in (A.4) 
originate from the following contribution to V^^M^, M x , M 7 , M 7 ) 

1 



' 2 t q M 7 2 - q 2 



V jT- 



[M|-p 2 ][M|-(p + ^]j 



T 4 T 3 M~ c Q T 2 M 2 
+ 7 



(A5) 



144 48tt 



96tt 2 



In the expression of (M^, M x , M t , Mi) the contribution (A. 5) should be substituted by 



f a M 2 - 



2 \T q M(-q 2 



4pW(?) 



t P [M 2 -p 2 ][M 2 -(p + q y 



t q M 2 -q 2 [t 



~ e 



Ap^l^{q) 



[M 2 -p 2 ][M 2 -(p + q) 2 } 



9 =0;M (/>(x) =0 



q=0;M (/>(x) =0 



(A.6) 



T 4 + T 3 (2M t - Mi) cqT 2 {2M 2 - M 2 ) 



144 



48tt 



96tt 2 



These observations, combined with (A.4), lead to the conclusion that 



V^ c) {M^M x ,M u Mi) 



e 2 T 2 e 2 T 3( 2Mt _ Mi ) 



+ 



288 48tt 
e 2 T 2 (M 2 -2M 2 -2M 2 ) M t + M^ + M x 
32tt 2 U[ 3T 



) 



e 2 T 2 {M^M x - MtMcf, - M t M x ) e 2 T 2 (c e t + cqi)(M 2 + M 2 ) 



(A.7) 



32tt 2 

e 2 T 2 [(3cet + 8c n )M 2 + (3c e ; - 4c^)M 2 ] 



64tt 5 



384tt 2 

where the ^-independent quantities cet and cqi verify CQt + cqi = cq and, like ce, are 
given by combinations of integrals which can be evaluated numerically t 26 L 
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Figure Captions 

Fig. 1: Examples of (a,b) daisy and (c,d) superdaisy diagrams. 

Fig. 2: When diagrams of shape (b) are included in the approximation of Vt(2)(4>, G), 
5Vf es ((f) 7 G)/5G contains contributions from self-energy diagrams of shape (a), 
which lead to momentum dependent effective masses. 

Fig. 3: The diagrams of order (a) A or (b,c,d) e 2 which contribute to Vt{2)- 

Fig. 4: The diagrammatic representation of the integrals which contribute to (a,b,c,d) 
SV 2 /SG ab , (e) SV 2 /dG a ^ and (f,g) SV 2 /SG^. 

Fig. 5: Examples of diagrams which are neglected in the present lowest order in the 
couplings approximation of Vt(2)- 

Fig. 6: The plot at T = T c , e = .2, and A = .01 of Av((j>) = 10 7 Real[V T {4>) - V T (0)}/T* 
versus 4>/eT c for the Rayleigh-Ritz approximation (solid curve) and for the 
M x (k) ~ M x (0) approximation (dot curve). 

Fig. 7: The plot at T = T c , e = .2, and A = .01 of Av((j>) = 10 7 Real[V T (<p) - Vr(0)]/T c 4 
versus 4>/eT c for the Rayleigh-Ritz approximation of the effective potential, de- 
scribed in Eq.(3.11), (solid curve) and for the effective potential which is obtained 
by neglecting all the contributions of order e 4 and higher in Eq.(3.11) (dot curve). 
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